We calculate three-loop corrections to correlation functions of heavy-quark currents in the low-and high-energy regions. We present 30 coefficients both in the low-energy and the high-energy expansion of the scalar and the vector correlator with nondiagonal flavour structure. In addition we compute 30 coefficients in the high-energy expansion of the diagonal vector, axial-vector, scalar and pseudo-scalar correlators. Possible applications of our new results are improvements of lattice-based quarkmass determinations and the approximate reconstruction of the full momentum dependence of the correlators.
Introduction
The precise determination of the fundamental parameters of the Standard Model (SM) is of utmost importance to pin down the fundamental interactions of the elementary particles and to establish deviations from the SM. Three especially interesting parameters, namely the strong coupling constant and the masses of charm and bottom quarks, can be determined with high accuracy from correlators of heavy-quark currents by comparing their moments with experimental data using sum rules [1, 2] . Conventionally, moments
In this work we consider correlators of quark currents with various different Lorentz structures. Furthermore we distinguish between diagonal and nondiagonal correlators. The diagonal correlators are defined through
with the currents J X (x) given by
The non-diagonal correlators are defined in analogy by
with the currents j X (x) given by
Here ψ denotes a heavy quark while χ stands for a massless one. The scalar, pseudo-scalar, vector and axial-vector currents are defined through the Dirac structures Γ X = 1, iγ 5 , γ µ , γ µ γ 5 (X = s, p, v, a), respectively. Note that in the case of the non-diagonal correlators Π For the determination of the quark masses from experimental data only the diagonal vector correlator Π v D can be used while it is in principle possible to use all diagonal and non-diagonal correlators in combination with lattice simulations.
Current-current correlators have already been extensively studied in the literature. The two-loop corrections to the diagonal vector correlator have been calculated in [16] , the corresponding corrections for the non-diagonal one in [17] . At three loops the leading terms of the low-and high-energy expansion have been determined in [18, 19] . For the diagonal correlators many terms in the low-energy expansion have been computed in [20, 21] . At four loops the leading terms in the low-energy expansion of various currents have been calculated in [22, 23, 4, 24, 25] . In the high-energy region the expansion at four-loop order has been obtained in [26] . In [27] effects of a second massive quark have been taken into account at three-loop order. Collecting the available information for the correlators at three and four loops, the full momentum dependence has been approximated using Padé approximations and Mellin-Barnes inspired methods [28, 18, 29, 30, 31, 32] . In this paper we complete the calculation of the low-and high-energy expansion of diagonal and non-diagonal heavy-quark correlators using an improved method for the calculation.
In Section 2 we present the details of the calculation. In Section 3 we present explicit results for the non-diagonal vector correlator in numerical form and discuss the convergence of the expansions. The analytical results for all correlators can be found on the web page http://www-ttp.particle.uni-karlsruhe.de/Progdata/ttp11/ttp11-25/.
Details of the calculation
The calculation is organized as follows. The diagrams are generated using qgraf [33] and are subsequently mapped onto a small set of 11 topologies (cf. Fig. 1 ) using q2e and exp [34] . After the application of suitable projectors the resulting scalar integrals are reduced to the master integrals shown in Fig. 2 using integration-by-parts identities [35, 36] implemented in the program Crusher [37] . The resulting expression which still contains the full dependence on both the external momentum square q 2 and the heavy-quark mass m is then -lacking an analytical result for the master integrals -expanded in the energy region of interest as explained in more detail below. The expanded master integrals are combined in a FORM [38] program in order to obtain the final expressions valid in either the low-energy or the highenergy region. For further use the low-and high-energy expansions of all master integrals can be obtained from the web site http://www-ttp.particle.unikarlsruhe.de/Progdata/ttp11/ttp11-25/masters/.
The coupling constant α s is renormalized in the MS scheme while for the renormalization of the heavy-quark mass m we employ both the MS and the on-shell scheme. In the following we concentrate on the renormalization in the MS scheme, the results for the on-shell scheme can be found on the web page mentioned above. For the overall normalization we employ Π X (0) = 0 with X ∈ v, a, s, p. Let us now have a closer look at the technical details of the expansion of the master integrals. The starting point for the calculation of the expansion is a suitable differential equation, which can easily be obtained from the master formula [39, 40, 41] 
where D i is the mass dimension of the integral M i (q 2 , m 2 ). The derivative with respect to m 2 can be performed resulting in a differential equation with respect to q 2 for the integral M i (q 2 , m 2 ). The expansion in z = q 2 /m 2 can now be obtained by inserting a suitable ansatz, e.g.
into the differential equation and solving the resulting linear system of equations for the coefficients A i,k . Ansatz (6) is sufficient to obtain the low-energy expansion for the non-diagonal correlators. The only further input needed is the value of the integral for z = 0, which corresponds to the initial condition of the differential equation. In the case of the high-energy expansion ansatz (6) is not sufficient 1 but one has to use an ansatz of the form
can be determined from the leading terms of the asymptotic expansion for z → −∞. Generally, these leading terms consist of products of massive vacuum diagrams and massless propagators with a total number of three loops in are given by the products of propagators with a total of l loops and vacuum diagrams with 3 − l loops. Consequently, A i,k 0 consists of the products without any massless propagators. The diagrams contributing to the initial conditions are shown in Fig. 3 ; in order to obtain dimensionless coefficients
It should be noted that in practice it is convenient to just use a small enough universal value for k 0 instead of carefully deriving it separately for each single master integral from the respective asymptotic expansion. Furthermore, most of the coefficients
are already determined by the linear system of equations and only a few remaining ones have to be determined through asymptotic expansion. The considerable freedom in the choice of the initial conditions also implies that the set of contributing diagrams shown in Fig. 3 is by no means unique.
Finally, let us show as an example the explicit high-energy expansion of one specific master integral:
In this example terms of order or 1/z 4 and higher have been omitted in the coefficients of the integrals.
In the case of the pseudo-scalar and axial-vector correlators one has to address the treatment of γ 5 . In this calculation we use the prescription given by Larin [42] for the so-called singlet diagrams with exactly one γ 5 in a fermion trace and a naïvely anticommuting γ 5 for all other diagrams. In order to present only anomaly-free quantities the axial-vector correlator is computed for a quark isospin doublet (ψ, χ) like in Ref. [21] .
Results
Since the full results are very lengthy we present only the numerical results for the non-diagonal vector correlator. The analytical results for all correlators can be found on the web page http://www-ttp.particle.uni-karlsruhe.de/Progdata/ttp11/ttp11-25/.
The expansion has been performed in z = q 2 /m 2 . The results for the first 6 low-energy and 8 high-energy coefficients agree with Ref. [19] .
The vector correlator can be written as
We present only the results for the transversal part of the vector correlator, the longitudinal part can be obtained from the results for the scalar one. In the following we set the renormalization scale µ = m during the numerical evaluation.
In Table 1 we present the numerical results for the low-energy expansion of the non-diagonal vector correlator which is decomposed according to
(10) The results for the high-energy expansion shown in Tables 2-4 are more complicated due to logarithmic contributions. Since the correlator is known ana-lytically up to two loops we present only the results for the three-loop contribution. It is decomposed as
In Fig. 4 we show the convergence of the series for the case of the non-diagonal vector correlator. The behavior of the series is shown both for the low-energy and the high-energy expansion. For the high-energy expansion we show the real and the imaginary part. Since the non-diagonal correlators have a cut through three heavy quark lines, the high-energy expansion converges only above z = 9, which corresponds to a velocity of the heavy quark of v = (z − 1)/(z + 1) = 0.8. 2 This behavior can also clearly be observed in Tables  2 and 3 which show rapidly growing coefficients corresponding to a radius of convergence r < 1. Since Table 4 contains only contributions from diagrams with a closed massless-quark loop, the coefficients are better behaved. Table 1 Numerical results for the low-energy moments for the non-diagonal vector correlator in the MS scheme. Table 2 Three-loop coefficients of the high-energy expansion for the non-diagonal vector correlator in the MS scheme with n h = n l = 0. Table 3 Three-loop contribution proportional to n h to the coefficients of the high-energy expansion for the non-diagonal vector correlator in the MS scheme. Table 4 Three-loop contribution proportional to n l to the coefficients of the high-energy expansion for the non-diagonal vector correlator in the MS scheme.
Conclusion
We have used modern techniques to compute 30 terms in the low-energy expansion of the non-diagonal scalar and vector correlators, matching the already available information on diagonal correlators [21] . Using slightly modified methods we have also obtained 30 coefficients in the high-energy expansion of both non-diagonal and diagonal correlators. Due to multiply massive cuts in some of the contributing diagrams it is expected that the high-energy expansion already breaks down significantly above the physical threshold. Using only the previously available coefficients this behaviour is rather difficult to see. The newly computed coefficients, however, clearly support the presence of such a divergence.
As a final remark it should be noted that the expansion via differential equations used in this publication is rather efficient. This means that it is easy to obtain significantly more terms in the expansions if the need arises. Fig . 4 . Convergence of the three-loop contribution to the low-and high-energy expansion of the non-diagonal vector correlator in the MS scheme for n h = 1, n l = 3. The upper figure shows the correlator in the low-energy range for different orders of the expansion in z. The lower figures show the behavior above threshold for both real and imaginary parts. Note that the high-energy expansion converges only above v = 0.8 which corresponds to the three-particle cut.
